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' Abstract. Several types of new regularity criteria for Lcray-Hopf weak solutions u to the 3D Navier- 

Stokes equations are obtained. Some of them are based on the third component M3 of velocity under 
Prodi-Serrin index condition, another type is in terms of u}^ and 83 Jig with Prodi-Serrin index condition. 
And a very recent work of the authors, based on only one of the nine entries of the gradient tensor, is 
renovated. 

< 

rj ; 1. Introduction 

In the present paper, we address sufficient conditions for the regularity of weak solutions 
of the Cauchy problem for the Navier-Stokes equations in x (0, T): 

— -i/Am + (m- V)m + Vj9 = 0, inM3x(0,r), 

V-M = 0, inM=^x(0,T), ^^-^^ 

u{x, 0) = Mo, in M^, 

; where u = (mi,M2,M3) : x (0, T) jg ^-^^ velocity field, p : x (0,T) 

is a scalar pressure, and uq is the initial velocity field, > is the viscosity. We set 
^ ! V/i = {dxi, 8x2) as the horizontal gradient operator and A/j = d^^ + d^^ as the horizontal 

Laplacian, and A and V are the usual Laplacian and the gradient operators, respectively. 
Here we use the classical notations 

i=l i=l 

and for sake of simplicity, we denote d^^ by di. 

It is well known that the weak solution of the Navier-Stokes equations f 1 1.1 1) is unique and 
regular in two dimensions. However, in three dimensions, the regularity problem of weak 
solutions of Navier-Stokes equations is an outstanding open problem in mathematical fluid 
mechanics. The weak solutions are known to exist globally in time, but the uniqueness, 
regularity, and continuous dependence on initial data for weak solutions are still open 
problems. Furthermore, strong solutions in the 3D case are known to exist for a short 
interval of time whose length depends on the initial data. Moreover, this strong solution 
is known to be unique and to depend continuously on the initial data (see, for example, 
j). Let us recall the definition of Leray-Hopf weak solution. We set 

V = {(p : the 3D vector valued functions and V ■ = 0}, 
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which will form the space of test functions. Let H and V be the closure spaces of V in 
under L^-topology, and in under iJ^-topology, respectively. 

For Mo G H, the existence of weak solutions of (11. ip was established by Leray [15] and 
Hopf in [11], that is, u satisfies the following properties: 

(i) u e C^([0,T);i7)nL2(0,T;1^), anddtu e i:i(0,T; V), where V is the dual space of V"; 

(ii) u verifies (1.1) in the sense of distribution, i.e., for every test function cj) e C^([0, T); V), 
and for almost every t, to ^ (0,T), we have 

u{x,t) ■ (j){x,t)dx — I u{x,to) ■ (f){x,to)dx 
/ [u{x, t) ■ {(f)t{x, t) + iyA(f){x, t))]dxds 

to J ^3 

j [{u{x, t) ■ V)0(x, t)] ■ u{x, t))]dxds 

to 



(iii) The energy inequality, i.e.. 



2u [ \\Vu{-,s)\\l.ds < \\uo\\l2, 

Jto 



for every t and almost every to- 

It is well known, if uq & V, a. weak solution becomes strong solution of (1.1) on (0,T) 
if, in addition, it satisfies 

u G C([0, Ty,V)n L2(0, T; H'^) and dtU G L\0, T; H). 

We know the strong solution is regular(say, classical) and unique (see, for example, [22] . 



Researchers are interested in the classical problem of finding sufficient conditions for 
weak solutions of (1.1) such that the weak solutions become regular, and the first result is 
usually referred as Prodi-Serrin conditions (see [2D] and [21]), which states that if a weak 
solution u is in the class of 

M e L*(0,r;L"(M3)), - + - = 1, s e [3,oo], (1.2) 

ij s 

then the weak solution becomes regular. Recently, H. Bae and H. Choe in [1] gave a 
two components Prodi-Serrin index criterion. Up to now, there are many results show 
that one can use only one component (say u-s) to determine the regularity of u. Say, I. 
Kukavica and M. Ziane in [12] proved a regularity criterion under the following condition 



9 3 5 94 
u,eL\0,T;L^iR^)), - + - < ^, se[-,oo]. 

t S 6 5 

Then, it was improved by C. Cao and E.Titi in [6] to 

u,eL\0,T;L^{R')), ^ + - < se(J,oo]. 

t s Ss 2 

And then, Y. Zhou and M. Pokorny in [26] changed the regular criterion to 

9 3 3 1 ID 

u,eL\0,T;L%R')), - + ^ < ^ + _, s G (y , oo]. 



More relative results, we refer to [TB], [25] and the reference there in. One can see that 
the above mentioned results on cannot satisfy the Prodi-Serrin index condition, and it 
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seems to be a price when one reduce the components of u to one. It is nature to think 
about what supplement is necessary to insure the Prodi-Serrin condition based on one 
velocity component. For example, P. Penel and M. Pokorny in [18] proved the u was 
regular, if 

M3 e L^(0,T;L"(M=^)) with - + | < 1, a G (3, oo], /3 G [2,oo), 

a p 

and one of the following conditions holds true: 

(a) a3Mi,a3M2 belong to L^(0, T; ^"(M^)) with f + | < 2,a G (3/2,oo],/3 G [l,oo); 
(6) d2Ui,diU2 belong to L''(0, T; L"(M3)) with f + | < 2, a G [2, 3], /3 G [2,oo]; 
(c) 93^2 belong to L^(0, T; L"(M3)) with | + | < 2, a G (3/2,oo],/3 G [l,cx)), and SaWi 
belong to L^(0, T; L"(M3)) with f + | < 2, a G [2, 3], /3 G [2,oo]. 

Moreover, the authors also mentioned in the Remark 2 in [18], the condition in (a) can 
be replaced by d^U2, d2U2, or dsU2, diUi, or d^ui, d2U2, or c?3Mi, 92Mi. Similarly, in (c) 
one can replace 93M2 by 93M1, and replace d2Ui by (9iM2 respectively. 

From the above , we can see that the assumptions on derivative component did not 
contain diU^ i = 1, 2, 3. One purpose of this paper is to make up this work, by using the 
incompressibility condition, we give an estimate on velocity, which is different from [TSj 
and then get a regularity criterion on diU^ i = 1,2, 3, for detail see the proof of Theorem 
11.31 below. On the other hand, similar to (a), (b) or (c), we also consider cases of the 
given conditions in terms of only one component diUj of Vm such that M3 satisfies the 
Prodi-Serrin condition in Theorem 11.41 and Corollary II. 6[ 

H. Beirao da Veiga in [2] obtained a sufficient condition for regularity using the vorticity 
rather than the velocity. His result says that if the vorticity u = curlu satisfies 

u G L*(0, T- L^(M^)), - + - < 2, s G (1, 00), 

t s 

then u becomes the strong solution. Later, D. Chae, H. Choe proved that it was sufficient 
to control only two components of the vorticity vector in [7] . Another goal of this paper is 
to prove the regularity of u by imposing the Prodi-Serrin condition on only one component 
of vorticity (say u^). Precisely, we get a regularity criterion with Prodi-Serrin condition, 
by using only and d^u^, which is shown in Theorem ll.il 

Besides, we would like to point out that the full regularity of weak solutions can also 
be proved under alternative assumptions on the gradient of the velocity Vm, for instance 

VnGL*(0,T;L^(M3)), ^ + ^ = 2, s G [| 00]. (1.3) 

Enlightened by above, we also want to get some better regularity criteria which are also 
coincident with the standard Prodi-Serrin condition based on some components of Vm. 
To begin with, we mention some results in this direction at first, P. Penel and M. Pokorny 
in [IB] proved that if 

d'iU G L^(0,T;L"(M3)) with - + | < a g [2, 00], /3 G [l,oo). 

a fj 2 

then the weak solution was regular. After that many authors improved this result, such 
as I. Kukavica and M. Ziane in [13] considered the case of the condition 

d^u G L^iS), T; L"(R3)) with - + | < 2, a G [-, 3]. 

an 4 
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As to the gradient of one velocity component Vms, M. Pokorny in [19] proved the weak 
solution was actually regular if Vus satisfied 

Vus G L^(0, T; ^"(M^)) with - + | < -, a G [2, cx)]. 

a (3 2 

Y. Zhou and M. Pokorny in [26] improved the result to 

,30 

fS(n rp, rafm,3\\ „.;^i, ^ , 2 ^ J 12 2a' 19' 



Vm3 e L^(0, T; L"(R^)) with - + - < 



19 


1 


12 ^ 


^ 2^ 


3 


3 


5 + 


4^'' 



a G (3, oo] 



moreover, Y. Zhou and M. Pokorny also proved a improved result, for more detail we 
refer to |27]. Motivated by the above, we consider the case of two gradient velocity 
components and one of them satisfies the Prodi-Serrin condition, see Theorem 11.71 and 
Corollary 11.81 We shall point out that two gradient velocity components are not all the 
diagonal elements, this is more difficult than the diagonal case, for the detail see Remark 
[m below. 

Recently, the regularity criterion in terms of only one of the gradient tensor was gotten 
by C.S. Cao, E.S. Titi in [5] under the assumptions 

G L^(0,T;L"(M3)), when j^k 

OXk 

3 2 Gi I 3 

and where a > 3, 1 < /3 < oo, and — I- tt < , (1-4) 

a p 2a 

or 

f^GL^(0,T;L"(R=^)), 

, 3 2 3(a + 2) , , 

and where a > 2, 1 < /3 < cx), and - + - < -. (1.5) 

a p 4a 

In [9], we improved this result. And here, we again study it and get an improvement of 
the results of [9], which is shown in Theorem 11.101 However, it is also noted that the 
above conditions are not coincident with the Prodi-Serrin condition. 
Now, we list our main results as follows: 

Theorem 1.1. Let u he a Leray-Hopf weak solution to the 3D Navier- Stokes equations 
(II. ip with the initial value Uq ^ V . Suppose 

a;3,a3«3eL^(0,T;L°(M3)) (1.6) 

with 

- + ^<2,aG (|,oo],/3g [2,oo), (1.7) 
a p Z 

where = diU2 — d2Ui is the third component of the vorticity u = curlu. 
Then u is regular. 



Remark 1.2. As mentioned above, the authors in [18] proved the regularity criterion 
with U3, diU2, and d2Ui. Can we replace diU2,d2Ui by It is open. 
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Theorem 1.3. Let uq and u be as in Theorem \l.l[ Suppose 

Us e L'^(0,T;L"(R=^)) with — + |- < l,ai G (3,oo],/3i G [2,oo), (1.8) 

ai Pi 

and one of the following conditions holds: 

(i) 93M2,93M3eL^^(0,T;L°2(R3)) ujith — + ^ < 2, a2 E [2, 3],(32 E [2, oo); (1.9) 

(zz) d3Ui,d3U3 E L^'{0,T- L'^^W')) with — + ^ < 2,a2 E [2,3], E [2,oo). (1.10) 

"2 P2 

Then u is regular. 

Theorem 1.4. Let u he a Leray-Hopf weak solution to the 3D Navier-Stokes equations 
(II. ip with the initial value Uq E V. For any i,j with 1 <i <3 and 1 < j <2, suppose 

(a) i^j, 

U3 E L^nO,T;L"i(M^)) with — + |- < l,ai G (3,cx)],/3i G [2,oo), (1.11) 

"1 Pi 

and 

diUj E L^2(0,T;L°2(R2)), (1.12) 

with 

— + < "2 G (2, oo), /32 G (1, oo). (1.13) 

a2 P2 "2 

(b) i = j, Us satisfies the condition (11.111) . and 

djUj E L^^(0,T;L°«(M=^)), (1.14) 

with 

^ +^<f{as), asE[2,oo),/3sE{l,oo) (1.15) 



2^3 (33 

where 

. _ y/24al - 24^3 + 9-2^3 
•^^"^'^ 2^3 

Then u is regular. 

Remark 1.5. Recall that in [9], we proved the regularity criterion only on one component 
diUj,i,j = 1,2,3. We note that the condition is more restrictive than f ll.l3p and fll.lSp . 
This means that the condition on diUj, i,j = 1, 2, 3. becomes weaker with the help of the 
condition (11. lip . 

Corollary 1.6. Suppose that uq E V, and u is a Leray-Hopf weak solution to the 3D 
Navier-Stokes equations (II. ip . For any i,j with 1 < i <3 and 1 < j < 2, suppose 

(a) i j , Us satisfies the condition (II. lip and 

diUj eL^%0,T-L''%R')), — + ^<1, a2 G (2,oo),/32 G (1,oo) (1.16) 

«2 P2 

(b) i = j , Us satisfies the condition (II. lip . and 

d,u^ E L^^(0,T;L"3(r3)), A + 2 < 3 ^ ^ ^^^^^^^^ ^ j^,^). (1.17) 

as Ps 2 
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Then u is regular. 

If we substitute the condition on by the component of the gradient of the velocity, 
we have the following regularity criterion, which is a further improvement of the above 
mentioned results of [TSl. 



Theorem 1.7. Let u be a Leray-Hopf weak solution to the 3D Navier- Stokes equations 
(ll.ip with the initial value uq ^ V . Suppose 

d-sUi e L^^(0,T;L"i(M3)) with — + |- < 2,ai e [2,3],/3i G [2,oo),z = 1 or 2, (1.18) 



and 



with 



where 



d3U3eL^'{0,T;L''%R')), (1.19) 



2a2 (32 



^ </(a2), asG [2,3],/32G [l,oo) (1.20) 



^, , V'24^F^24^^7T9 - 2^2 
/(«2) = 



2a, 



Then u is regular. 



Corollary 1.8. Suppose that uq G V, and u is a Leray-Hopf weak solution to the 3D 
Navier-Stokes equations (11.11) . Assume 

d-iU, G L^^(0,T;L"^(M3)) with — + |- < 2,ai G [2,3],/3i G [2,cx)),z = 1 or 2, (1.21) 

tti Pi 

and 

GL'^H0,T;L"^(M3)) A + 1 < 3 ^ ^ [2,3], /32 G [4,oo). (1.22) 

^2 P2 2 

r/ien u zs regular. 

Remark 1.9. Here we only need two components of the gradient of the velocity and one 
of them is not on the diagonal elements of Vm. On the case of the diagonal elements of 
Vm, p. Penel and M. Pokorny in [IB] proved the u is regular when 



92^2,93^3 GL'^(0,T; L"(M=^)), 

and a, {3 satisfied 

- + |<2,«g(|oo],/3g[2,oo). 
a p 2 

Moreover, the condition on d^Ui satisfies the Prodi-Serrin condition, which is an improve- 
ment of the result of P. Penel and M. Pokorny in [19]. Finally, we note that d^Ui, i = 1 or 
2, is not the diagonal element of Vn. Thus, we cannot use the method of by multiplying 
Ui to the zth equation of (11. ip to get the form d^^Ui, z = 1 or 2. Therefore, it is more 
difficult to get the regularity criterion based on diUi and djUj., i,j G {1, 2, 3} with i ^ j. 
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Theorem 1.10. Let uq and u be as in Theorem \l.l[ Suppose in addition 

dkUk E L^(0, T; L°(M3)), for some k E {1, 2, 3} (1.23) 

with 

— + -.<g{a),aE{-,oo),PE{l,oo), (1.24) 
2a p 5 

where 



, , V289a2 - 264a + 144 - la 

9W = 5 • 

8a 

Then u is regular. 

Remark 1.11. This theorem is an improvement of [5] and [26] (see figure 1 below), and 
is also an improvement of theorem 1.2 (i) and theorem 1.3 in [9]. Moreover, we point out 
that the first part of Theorem 1.2 in [9], can be simplified to the following form: 
For i 7^ k, suppose that u satisfies 

WdjUkWidT < M, for some M > 0, (1.25) 

^0 

with 

3 2 

— + < /(a), a e (3, oo) and 1 < /3 < oo, (1.26) 
2a p 

where 



^, , Vl03a2 - 12a + 9 - 9a ,^ ^ , 

/(«) = , (1.27) 

then u is regular. This statement shows the same line as in the Figure 1. in [9]. In the 
proof of Theorem 1.2 (i) of [9], if we substitute ai and (3 by 



1 (7-!) + V^-^ + 103 2., 



ai 18 ' 9-8ai' 

we can get the desired result. 

For convenience, we recall the following version of the three-dimensional Sobolev and 
Ladyzhenskaya inequalities in the whole space M? (see, for example, [8], [10], [H]). There 
exists a positive constant C such that 

Mr <C\\u\\^\\dM\?\\d2u\\f\\dM\? 

&-T 3(r-2) \^-'^°) 

<C||«|| - \\Vu\\^^^ , 

for every u E H^{E?) and every r E [2,6], where C is a constant depending only on r. 
Taking Vdiv on both sides of (11. ip for smooth {u]p), one can obtain 

3 

-A{Vp)=J2^^^,{V{u,u,)), 

therefore, the Calderon-Zygmund inequality in (see [23] ) 

||Vp||g < C|||Vn||n|||g,l < g < oo, (1.29) 

holds, where C is a positive constant depending only on q. And there is another estimates 
for the pressure 

\\p\U < C\\u\\l, l<g<oo, (1.30) 
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0.7 n 




0.1 0.2 0.3 0.4 0.5 5/9 

1/a 



Figure 1. Case of j = fc 
The line "(1)" is the result of C.S. Cao, E.S. Titi in |3]. The line "(3)" is our result, 
which mean (11.241) . The result of Y. Zhou, M. Pokorny in [SB] is showed by line "(2)". 

Recall also that if divu = then the vorticity u =curlM= V x m has the following estimates 
(see [18]): 

C\\uj\\g < ||Vn||^ < C{q)\\Lo\\g, 1< g < cx). (1.31) 
Moreover, if divu = 0, the expression 

Am = V(divM) - V x (V x m) (1.32) 

can be reduced to 

An = -V X (V X m) = -V X cu. (1.33) 

On the other hand, note that divw = 0, applying ( ll.3ip . we have 

C\\V X uj\\g < \\Vuj\\g < C(g)||V X uj\\g, 1< g < oo. (1.34) 

Therefore, by fll.3ip and f ll.33p . we have 

C||AM||g < \\Vuj\\g < C{q)\\Au\\g, 1 < Q < oo . (1.35) 

If M be a divergence-free sufficiently smooth vector field in M.^, there exist a C such that 
(see [T7] Lemma 2.1) 

\\diUj\\g < CiWuJsWg+WdsUsWg), 1 < ^ < oo , « , j = 1 , 2 . (1.36) 

2. Proof of Main Results 

In this section, under the assumptions of Theorems ll.mi.4[ Theorem 11.71 or Theo- 
rem ll.lOl in Section 1 respectively, we prove our main results. First of all, we note that, 
by the energy inequality, for Leray-Hopf weak solutions, we have (see, for example, [22], 
[21] for detail) 

\\u{;t)\\l, + 2u [ \\Vui;s)\\l,ds<K,, (2.1) 

Jo 
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for all < t < T, where Ki = ||mo|||2- 

It is well known that there exists a unique strong solution u local in time if Uq G V. 
In addition, this strong solution u E C{[0,T*);V) D L'^{0,T*; H^{R'^)) is the only weak 
solution with the initial datum mq, where (0,T*) is the maximal interval of existence of 
the unique strong solution. If T* > T, then there is nothing to prove. If, on the other 
hand, T* < T, then our strategy is to show that the norm of this strong solution 
is bounded uniformly in time over the interval (0,T*), provided additional conditions in 
Theorem ll.mi.4l Theorem 11.71 or Theorem I 1.101 in Section 1 are valid. As a result the 
interval (0,T*) can not be a maximal interval of existence, and consequently T* > T, 
which concludes our proof. 

In order to prove the norm of the strong solution u is bounded on interval (0,T*), 
combing with the energy equality (12.11) . it is sufficient to prove 

\\Vu\\l2 + u f WAuWl^dT <C, \/ t e {0,T*) (2.2) 
Jo 

where the constant C depends on T, Ki. We recall the following lemma (see |1]), which 
is useful for our proof of the Theorems. 

Lemma 2.1. Assume v G Lf^L^(]R'^ x /) and Vf G LfLl(R.^ x /), where I is an open 
interval. Then v G L^L^(M^ x J) for all r and s such that 

2 3 3, 

— I — = - with 2 < r < 6. 

s r 2 

and it holds 

6-r 3(r-2) 

Proof of Theorem 11.11 It is sufficient to prove the case of 

u;s,dsu,eL^{0,T;L"{R')) 

with 

- + ^ = 2,aG (|,cx)],/3g [2,oo), 
a p Z 

and we point out that in the following Theorems, we only need to prove the "=" case. 
Taking the curl on (11.11) . we obtain 

^ - z/Acj + iu ■ V)uj - iuj ■ V)u = 0. 
ot 

We taking the inner product of above inequality with u in L^(M^), the vorticity u satisfies 

3 



1 1 1 1 1 9 II ^ 1 1 9 

--||a;|L2 + H|Vc.|L2 



/ {u ■ V)u ■ cudx = / uJidiUjUjdx 

2 2 

y~] / UidiUjUjdx + / UidiUsUsdx 

,^liM3 ^iK3 (2.3) 

+ ujsdsUiUJidx 

h{t)+l2{t)+Lsit). 
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We estimate Ii(t), i = 1,2,3 in turn. For the first term, apply Holder's inequality, we 
obtain 

2 



\h{t)\ <J2f 



\\diUj\\ujj\dx 



2 

< ^ ||5iMj||La||wi||ip||u;j||ip (2.4) 

2 

< \\diUj\\L4u\\%, 



where a and p satisfy 
By using of ffL36|) . ([23D follows that 



12, , , 

- + - = 1 with a > 3, 2<p<3. (2.5) 
a p 



\h{t)\ < C\\d3U3\\L4^\\l, + C\\uj3\\l4^\\1,. (2.6) 
For hit), by virtue of fll.3ip . (12. 5 p and Holder's inequality, one has 



2 /. 

|/2(t)| < V / l^iPiMsllc^sMa: 

1^1 J^' 



2 



i=l 

< C\\uJ3\\l'^\\Vu\\lp\\uj\\lp 

< C\\uJ3\\l«\\uj\\Ip. 

Similar to hit), we have the estimates for Isit) 

\h{t)\ < C\\uj-4l4^\\%. (2.8) 
Combining ([23]), ([221) and ^M), we have 

^^ll^lli^ + ^llVc^lli^ <C'||93n3|Uc.||a;||i, + C'||a;3lU"||a;|lip. (2-9) 

Applying (I1.28P and Young's inequality, it follows that 
1 d 
2Jt 



6—p 3p — 6 

<C\\dsUs\\L44\L^ W'^^WJ 

+C||u;3|U<^||c^||^||Va;||5^ 
<C\\dsUs\\^^\\tu\\l, (2.10) 
+C\\oos\\pMl.+ '^\\Vco\\l. 

2a 

II, ,l|2 



2a 1, 

-C||c-3|llr1|a;||i. + -||Vc.||i.. 
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Integrating f l2.10p and absorbing the last term, one has 



ll'^llia + ^ / II^'^IIl2'^''" 

Jo 

<C [ \\dsu4^'\\uj\\l,dT + C [ \\u,\\^'\\u\\l,dT+\\uiO)\\l,. 
Jo Jo 

By using of Gronwall's inequahty, we obtain 



(2.11) 



(2.12) 



< (||u;(0)||i.) exp (^C Wd^UsWi}' dr^ exp (^C Wu^i^'dT^ , 

by the condition (12. 3p and (12.31) . we have 

u e L°°(0, T*; L2(M3)) n L2(0, T*; H\R^)). 

Therefore, by (ll.Sip and (ll.35p . we get that the norm of the strong solution u is 
bounded on the maximal interval of existence (0,T*). The proof is completed. 
Proof of Theorem 11.31 Taking the inner product of the equation (II. ip with —Au in L^, 
we obtain 



1 d 

2dr " 



iVnll^ +u\\AuP 



/ UidiUjdkkUjdx 

/ UidiUjdkkUjdx + y^y^ / UiOiUjOssUjdx (2-13) 
llii-^^' 1^1 1^1 



i,j,k=l i=l j 

2 2 „ 3 



+ / U3d3UjdkkUjdx +52/ UidiUjdkkUjdx 

j^i k^i i^i 
= hit) + hit) + hit) + hit). 

By integrating by parts a few times and using the incompressibility condition, we have 

-^iW = 52 / diUidkUjdkUjdx - / dkUidiUjdkUjdx = ilit) + I^it). 

The terms /i(t), lUt), hi^) and hit) read as 

1 ^ r 

Ilit) = d-su-sdkUjdkUjdx, 
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= - 52 / dkUidiUjdkUjdx 



d2UidiU2d2U2dx + / diU2d2UidiUidx + / diUidiU2diU2dx 
diU2d2U2diU2dx + / d2UidiUid2Uidx + / 



3 



+ / d2U2d2U2d2U2dx + / d2U2d2Uid2Uidx 



- / {d2UidiU2d3U3 + d3U3diU2diU2 + d2Uid3U3d2Ui)dx 

IS 

{diUidiUid^Us + d3U3d2U2d2U2 - diUid3U3d2U2)dx, 



2 2 



-^sW =5252/ U3d3UjdkkUjdx 

J=l k=l -^^^ 

2 2 /t 2 2 /t 

= - 52 52 / dkUsdaUjdkUjdx - 52 52 / U3d3kUjdkUjdx 

,=1 k=l -^^^ J=l k=l 

2 2 „ ^ 2 2 „ 

= - 52 52 / dkU3d3UjdkUjdx + 52 52 / dsUsdkUjdkUjdx, 
j=i k=i ^ j=i k=i -^^^ 

3 

/4(t) = 52 / UidiU3dkkU3dx 

= - 52 / dkUidiU3dkU3dx - 52 / UidikU3dkU3dx 

3 

52 / dkUidiU3dkU3dx. 



j,A;=l 

The above four equalities imply that 



<C / |n3||Vn||V'n|da:, 2 = 1,3,4. 



• Case of (93^2, c^sMs 
As for J2, we have 



^2 = - / d3UidiUid3Ui + d3U2d2Uid3Ui + d3U3d3Uid3Uidx 



It is obvious that 



and 



d3UidiU2d3U2 + d3U2d2U2d3U2 + d3U3d3U2d3U2dx 

Il + Il + Il + Il + Il + Il 

\4\<C \u3\\Vu\\V\\dx, J =3,6, (2.14) 

\m<C [ \d3U2\\Vu\'dx, j = 2,4,5. (2.15) 

JM3 
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For the first term, by using the incompressibility condition, and integrating by parts a 
few times, we note that 



d-sUidiUidsUidx = 2 / disUidsUiUidx 

= -2 / d2zU2d'iUiUidx - 2 / d^sUsdsUiUidx 
= 2 / d22,uid2.U2Uidx + 2 / dzU2d-iUid2Uidx 
+2 / d-ssUidsUsUidx + 2 / d-sU-sd^Uid-sUidx 



(2.16) 



As before, has the estimate 



141 <C [ \d3U2\\Vu\'^dx + C [ \u3\\Vu\\V^u\dx 

+C I \d3U2\\V'^u\\u\dx + C I \d3U3\\V'^u\\u\dx. 

Therefore, by above inequahties, we see that 

-^"11^^112 + ^^11^^112 ^ / \d3U2\\Vu\'^dx + C [ \u3\\Vu\\V^u\dx 
2 dt Jk3 Jk3 

+C I \d3U2\\V'^u\\u\dx + C I \d3U3\\V'^u\\u\dx. 



(2.17) 



(2.18) 



Let T' G (0, T) with T' < T* be arbitrary. We shall prove that T' is not a blow-up 
point. By decreasing of a if necessary, we may assume 

Us G L^^(0,T;L"i(M^)) with — + ^ = l,aie (3,cx)],/3i G [2,oo), (2.19) 

«i Pi 

and 

GL^2(0,T;L"HM3))^j^l^ A + |_ = 2,a2G [2,3],/32G [2, cx)), z = 2, 3. (2.20) 

^2 P2 

Choose a ti G (0, T') such that 

\\d3Ui\\j^l32(^ti,T';L°'2{M.3)) < i = 2, 3, (2-21) 

and 

ll'"3||L'3i{ti,T';L"l(R3)) ^ ^) (2.22) 

where e is to be determined. Let ^2 ^ {tijT') be arbitrary. For any r, s, we abbreviate 

II ■ lUfLS = II ■ ||L'>((ti,t2);L'-(K3)). (2.23) 

We denote 

L = ||Vn||L^i2 + u\\Au\\l2lI- (2-24) 



(2.25) 
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Let t G (^1,^2] be arbitrary, integrating f l2.18p on we get 

\\Vu\\l, +2u [ \\Au\\l2dT 

h t 
<C [ [ \d3U2\\Vu\^dxdT + C [ [ \u3\\Vu\\\/\\dxdT 

Jti JK3 Jti JRS 

+C [ [ \d3U2\\V^u\\u\dxdT + C [ [ \d3U3\\V\\\u\dxdT 

Jti Jti Jr3 

+ l|Vn(ti)lli. 
= Li + L2 + L3 + L4 + L5. 

We estimate Lj, i = 1, 2, 3, 4 one by one. Firstly, for Li we have 

Li < C||93M2||^fe^^2 ||VM||^ji^ri (2.26) 

where Si and ri satisfy 

12 12 

- + - = 1, ^ + - = 1' (2-27) 

a2 n (32 si 

by (12:20]) and ^Tm . we have 3 < ri < 4 and 2/si + 3/ri = 3/2. By Lemma 2.1, we have 

Li < CeL^. (2.28) 

As for L2, we have 

L2 < Cllnall .J|An||i2i2||Vn||r»2i^2 

' " * * (2.29) 

< CeL\ ^ 

where S2 and r2 satisfy 

111111 , , 

- + - = 9' :r + -=9' 2.30 
ai r2 2 fJi S2 2 

by fl2.19p and fl2.30p . we have 2 < r2 < 6 and 2/s2 + 3/r2 = 3/2. thus, S2 and r2 satisfy 
Lemma 2.1. The estimate of L3 is as follows 

L3 < C\\d3U2\\^P2L22\\Au\\L2L2\\u\\^3L:3 (2.31) 

where S3 and rs satisfy 



1 1 _ 1 1 1 _ 1 

«2 ^^3 2' (32 S3 2 

by dODD and ([233), we have 

2 3 1 



(2.32) 



,r3>6. (2.33) 

S3 ^^3 2 

By the Gagliardo-Nirenberg inequality 

3 

IK'IU'- < ||Vt;|| 3r , - < r < 00. (2.34) 

Therefore, we have 

^ l|V?i|L»3i-4, (2.35) 

where r4 = 3r3/(3 + rs), and we have 2/ S3 + 3/r4 = 3/2 with 2 < r4 < 6. Combining 
(f2:20|l . flOTjl and f l235|) . as well as Lemma 2.1, on has 

L3 < CeL^ (2.36) 
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The term L4 is estimated the same way and we get the same result. Finally, we obtain 

< CeL^ +\\Vu{ti)\\l2. 

If ti is sufficiently close to T' and e is sufficiently small, we can absorb the ffist term into 
the left hand side, and then we obtain that L is bounded with a bound independent of 
h £ (ti^T'). Finally, we get || V'u||ic»^2(K3x(ti,r')) ^ C. Therefore, the solution cannot 
blow up at T'. We complete the proof of the case of d^u^. 
• Case of d^ui, d^u^ 

This case is similar to the ffist case. The main difference is that we have another 
estimate for L2. Also by using the incompressibility condition, and integrating by parts 
a few times, we note that /| becomes 



d'j,U2d'iU2d2U2dx = 2 / d23U2dsU2U2dx 

= -2 / dviUid3U2U2dx - 2 / 933^393^2^2^0; 
= 2 / di3U2d-iUiU2dx + 2 / d3U2d3UidiU2dx 

d3sU2dsUsU2dx - 2 / dsU3d3U2d3U2dx, 



(2.37) 



and then /| has the estimate 

|/|| <C I \d3Ui\\Vu\^dx + C I \u3\\Vu\\V^u\dx 



(2.38) 



+C / \d3Ui\\V\\\u\dx + C / \d3U3\\V\\\u\dx. 

JR3 Jr3 

Therefore, we finally get 

-T"ll^"ll2 + ^^11^^112 < / \d3Ui\\Vu\'^dx + C [ \u3\\Vu\\V^u\dx 

2 dt J^3 Jj^3 

+C / \d3Ui\\V'^u\\u\dx + C / \d3U3\\V'^u\\u\dx. 



(2.39) 



By using fl2.39p . we give the same method as before to get the desired result. The proof 
is completed. 

Proof of Theorem 11.41 From the condition of this Theorem, we split the proof into two 
parts. 

For convenience of writing, for every 02 > 2, we set 

r = (2.40) 

a2 

It is easy to check that r > 2 when 02 > 2. Without loss of generality, in the proof, 
we will assume that z = l,j = 2, the other cases can be discussed in the same way (for 
details see Remark 2.2 below). We begin with (I2.13p . and the same process to the proof 
of Theorem II. 3[ we firstly have 

\h\<C I |n3||Vn||V\|dx, z = 1,3,4. 
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As for /2, also by the incompressibility condition, we have 



dsuidiuidsui + d-iU2d2Uid-iUi + dzu^d-iUid^uidx 
d^uidiU2d^U2 + d^U2d2U2dj,U2 + d^u^d^U2dzU2dx 
= - I d^ui {-d2U2 - dsus) dsui + d^U2d2Uid^ui + dsUsd^uidsUidx 

- / d^UidiU2d2.U2 + d2,U2d2U2d2,U2 + d2,U2,d2,U2d^U2dx 

< / \u2\\Vu\\V'^u\dx + / \u3\\Vu\\V'^u\dx. 



Therefore, we get 

1 d 



<C [ \u3\\Vu\\\/\\dx + C [ \u2\\Vu\\\/\\dx, (2-41) 
= K,{t) + K2{t). 

Next, we estimate Ki{t) and K2{t). Firstly, we pay attention to K2(t), applying Holder's 
inequality several times, we obtain 

K2it) <C max|M2|(/ \Vu\'^dxi)^ \V'^u\'^dxi)^dx2dx3 
Jr^ ^1 Jr Jr 

< C[ {max\u2\Ydx2dx3]^[ (/ \Vu\'^dxi)^dx2dx3]~ 

Jr3 

< C[ J \u2\''~^diU2dxidx2dx3]^ \\Au\\2 ^2 42) 

/ / 2r r 2 1 

x[ / ( / \'Vu\'^dx2dx3)~dxi]2 
Jr Jr'2 

r-l 1 1 — 2 1 1 

< c\\ W2||^2 ||c^i''^2 II 2 ||Vm||^2 ||(^2Vn||£2 ||c^3Vu||£2 II An||2 



1 — 1 ]_ 1 — 2 r + 2 

<C||n2||i2 ||<9in2||'' 2 ||Vu||^5 \\^u\\l^ ■ 



L 



In above inequality, from f l2.40p . we note that = 02- Therefore, applying Young's 
inequality, fl2.42p immediately implies 



2(^2-1) "2 ^2-2 



K2{t) <c||w2||/2"^~' ||9iW2|ll:r'l|Vw||^?-^||Aw|i2--^ 

4(q2-1) 2^2 (2.43) 

< ^^2^2^" \\diU2\\2r,' \\vu\\l2 + ^11 AM||i2. 
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As for Ki(t), applying Holder's and Young's inequalities, we have 

R\(t) =C I \u:i\\Vu\\V\\dx 



< C*||ii3||L«i II Vnlliq II An||i2 

6^ (2.44) 

< C\\u^\\L^r\\Vu\\j^.! IIAmII 



1^2 \\^^\\L2 



where a\ and q satisfy 



<C||n3||r^niVw||i2 + -||An||i. 



Ill, . ^ 

- + — = - with 2 < g < 6, ai > 3. 2.45 
g «! 2 



From fICTD and fICTD . one has 



i|||v«||i2 + H|A«||i2 <q|«2|irf"'||9i«2||£l|v«||i2 



-Clkslli^'llVnlli^ + pAn||^2. 



(2.46) 



Absorbing the last term in right hand of (I2.46P and integrating the inequality on time, 
using the energy inequality, we obtain 



|Vti||^2 + / ||VAM||^2C?r C ||M2|li2^"^ l|f^i'"2||2^2^ II^'^IIl^'^''" 
Jo Jo 

+C / ||M3||Lir'||VM||i2rfr+ ||Vm(0)|| 
Jo 



L2 

2q2 



(2.47) 



<c \\d,u4':i-'\\Vu\\UdT 



-C f \\u■,\\llh\'^Al^dT+\\Vu{ml^■ 



By using Gronwall's inequality, we obtain 
||VM||i2 + u ! ||A?i||^2rfr 







< (l|VM(0)||i2) exp [c j'^ Wdiu^li'dT^ exp {c j'^ \\u^\\lll' dr 



(2.48) 



By condition fll.lip — f ll.lSp . fl2.48p follows that the norm of the strong solution u is 
bounded on the maximal interval of existence (0,T*). Thus we prove (a). 
• i= i 

Without loss of generality, here, we assume i = j = 2. Similar to the proof of the part 
(a), we estimate the second term K2{t) of (12.410 . Firstly, for every 

as > 2, (2.49) 
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we choose 



+ ^l^al - 24^3 + 9 

a37 ' (2-50) 



2^3 - 7 



From fl2.50P i and fl2.49p . we have ^ > which means that 7 < 2a3, and hance /i > 
is well defined in f l2.50p 9. Also from fl2.50P i . we see that 7 is an increasing function with 
the variable 03, and from (12.491) we get 

2<^<5<7<y6, (2.51) 



where b = and besides (I2.50p follows 

1 1 7-2 

- + — + 

/i ag 7 



(2.52) 



Moreover, from the fact 7 > 2 and ( 12.50p 9. it is easy to check that /i > 1. On the other 
hand, we see that 7 satisfies 



«3 = (2.53) 
— 7^ 



and 

37-72 37 7^(47-9) 



6 — 7^ 6 — 7 (6 — 72)(6 — 7) 



> with (5 < 7 < ^6. 



Combining (I2.53P and above inequality, 7 satisfies 02 > and hance by the definition 
of /i in (12. 50 p . a short calculation shows that fi < 3. Finally, we obtain 

l<fx<3. (2.54) 

We choose 

/33 = 77^, (2.55) 
3 — /i 

then we have 

---(— h 
/i"3V3^2^' 

by fl23nD i. fl232D and fl235D . we can compute that 

P3 /i 7 eta 2a3 2^3 /:i3 
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Now, we use \u2\'^^'^U2 with 7 > 2 as test function in the equation 01.11) for U2- By using 
of Gagliardo-Nirenberg and Holder's inequahties, we have 

^ftWM', +C(7)H|V|«2|i|li. 

- / d2p\u2\'^~^U2dx 



(2.57) 



<C f \p\\u2r^\d2U2\dx 

< C\\p\\L^^\\u2\\l':,^\\^2U2\\L'^3 

<C\\u\\l24u2\\T.^\\d2U2\\L^3 (by 

< C||m||^2 ||Vm||^2^ II'"2||l7 ||c^2M2||l"3, 

where the 7,/i and 0^3 satisfy f l2.52p . The above inequality immediately implies that 

Ij^WMh < C\\u\ff\\Wu\\^\\d2U2\\L'^,. (2.58) 
In view of f l2.54p . we have < 2, applying Young's inequality, we have 

Ij^WMh < C\\Vu\\l + \\u\\l4d2U2\\P, . (2.59) 
Integrating fl2.59p on time, and by energy inequality (12. ip . we obtain 



\U2\\% <\\u2m\%+C + C [ \\d2U2\\l^tdT 

Jo 

= \\u2i0)\\h + C + C [ \\d2U2\\%,dT. 

Jo 



(2.60) 



In view of f l2.5ip . we have 11^^2(0) < C for some C > 0, therefore, by the condition 
ffT35|l . we get 

M2 e i^°°(0,T;LT(R^)). (2.61) 
For the mentioned parameter 7 in (I2.50p . we set 

(7+ 1)^3 -7 



as 



(2.62) 



since 0:3 > 2 and 7 > 5, it is easy to see r > 2. Similar to f l2.42p . also by Holder's and 
Young's inequalities, we obtain another estimate 

K2{t) <C\\u2\\'J^\\d2U2\\~ 7 ||VM||7r||Au||7f 

< C\\u2i^\\d2U2\\l^jVu\\l, + ^IIAnlli^. ^2.63) 
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Applying f l2.6ip and integrating above inequality, one has 

-t ft 2(r-l) 2 /"* 



ft Pt 2(r-l) 2 U r 

/ K2{T)dT <C \\u2\\l.'^ \\d2U2\\rc.l\\Vu\\l2dT + - HAuH^^dr 
JO Jo 4 Jo , ^ 

^ ^ rt (2.64) 

<C/ ll^snsll^aallVnll^arfr + - / ||An||^2rfr. 
Jo 4 Jo 



Integrating fl2.4ip on time, and absorbing the last term in (I2.64p and (I2.44p respectively, 
it follows that 

||Vm||^2 + u I ||AM||^2(ir 

i° ^ rt ^ (2-65) 

<C / ||92U2||£4||VM||i2rfr + C / ||u3|ir.r'||VM||i2dr+ ||Vu(0)||i2. 

We claim ^ = /Ss- In fact, from (12. 50 p . we have 



_ -3 + v/24^^F^24^i7T9 
^~ 2(^3 - 1) 

and then by the definition (12.621) . one has 



2^1 1 ^ -3 + v/24ai - 24^3 + 9 

— + l = r-l = 7 = ^ , (2.66) 

^ "3 2^3 



Comparing (I2.66P with (I2.56p . we prove the claim. Therefore, we can apply Gronwall's 
inequality to (I2.65p . and by condition (II. lip . (I1.14p and (ll.lSp to get that the norm of 
the strong solution u is bounded on the maximal interval of existence (0,T*). The proof 
of this Theorem is completed. 

Remark 2.2. In the process of the proof, if we want to prove the case of i = 3 when 
j = 2. For the first part, the inequality (I2.42p may be replaced by 

i^2(t) <C||n2||2f 11^3^211' 2 ||VM||5^||An||^, (2.67) 



and (I2.43P becomes 



4(^2-1) 
an— 2 



K2{t) <C\\u2\\J'-' 11^3^2112^2 ||VM||i2 + -||AM||i2. (2.68) 
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If we want to prove the case of j = 1, we shall give an alternative proof of the term I2, 
also by the incompressibility condition, one has 



d-suidiuid-sui + dzU2d2UidzUi + d-iU-id^uid-iUidx 
d-iUidiU2d-iU2 + d^U2d2U2dzU2 + d-iU^dzU2d^U2dx 
= - / d-suidiuid-sui + diU2d2Uid-iUi + d-su-sdsUid-sUidx 

- / d-iUidiU2d-iU2 + d-iU2 {-diUi - d^u^) d-iU2 + d-iU-id-iU2d-iU2dx 
— / l^sl I Vm| I V^M|(ix + / |Mi||VM||V^M|(ia;. 
and then we obtain 

<C I \u^\\Vu\\V\\dx + C I \ui\\Vu\\V'^u\dx, ^2.69) 
= K,{t) + K2{t), 

by which one can prove the case oi i ^ j = 1 and i = j = 1. The term Ki{t) is same to 
fl2.44p . As for the second term K2{t), we shall give the inequality fl2.42p as the following 
for i 7^ j = 1, 

K2{t) <C\\u4'^\\d,ui\\^ , \\Vu\\'^\\Au\\'^, i = 2 OT 3, (2.70) 

and then get the corresponding form of (12.431) . As for z = j = 1, we will use \ui\'^~'^ui, as 
test function in the equation for ui, and we can get the similar results to (I2.57p . By the 
same process to prove the case of z = j = 1. 

Proof of Theorem 11.71 Give the same process as in the Theorem II. 3[ we have 
1 d 



2dt 



|Vn||^ + z^||An||^ <C l^gUa] | Vnprfx + C / \u3\\Vu\\V^u\dx 
+C / \d3U2\\Au\\u\dx + C / |93M3||AM||M|(ia; 

Jr3 JR'i 



(2.71) 



Li + L2 + + L4 



Here, we only prove the case of ^3^2, d^u^. For the case of d^Ui, d^u^, we will begin with 
(I2.39p . and form which we can give the similar proof. 
We estimate Li, i = 1, 2, 3, 4 one by one. Firstly, for Li we have 

Ll <C\\^sU2\\L''^\\Vu\\lr,, (2.72) 

where ri satisfies 

L + l = l^r, = ^, (2.73) 
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since 2 < ai < 3, we have 3 < ri < 4, by Gagliardo-Nirenberg and Young's inequalities, 
on has 

Li <C\\d;u4L'^,\\Vu\\^\\^u\\J^ 

<C||93n2|||?||Vn||i. + ^||An||i. (2.74) 



As for L3, let r2 satisfy 



c\\d,Ml^-'\\^u\\i. + -^\\^u\\i.- 



Ill , , 

- + - = -, 2.75 

ai r2 2 



then we have 

L3 <C\\d3U2\\L-i\\Au\\L4u\\L^2. (2.76) 

From the fact that 2 < ai < 3, we have r2 > 6. By the Gagliardo-Nirenberg inequality, 

\\v\\Lr<\\Wv\\^^, ^<r<oo. (2.77) 

Therefore, we have 

||^^IU'-2 < ||Vn|U.3, (2.78) 
where = 3r2/(3 + r2) with 2 < ra < 3. Thus, we have 

115 6ai , „ , 

- + - = 7T^r3 = 4, (2.79) 

«! r3 5ai — D 

and applying Young's inequality, f l2.76p becomes 

U < C||a3M2|U-i||AM||L2||VM||L^3. 

6 — r3 5r3— 6 

<C\\d3U2\\L'^A\Vu\\J^\\Au\\J^. 

<^^||53«2||#||Vn||i. + ^||Au||i.. ^2.80) 



= C\\dsU2\\lir\\Vu\\l. + -\\Au\\l.. 
The term L4 is estimated in the same way and we get 



L, <C||93t.3|ll:ri|Vn||i. + ^||A«||i.. (2.81) 

Therefore, integrating on time and absorbing the last term in (I2.74p . fl2.80p and f l2.8ip . 

we get 

< l|Vn(0)||2 + C / \\dsU2ra?-'\\Vu\\ldT (2.82) 

+C / \\d3Us\\a7-'\\Wu\\ldT + C / L2(r)dr. 
Jo Jo 
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As for the estimation of L2, we give the same proof as the case oii = j in Theorem II ■4[ 
in which U2 is replaced by U3, ^2^2 is replaced by ^3^3 and 0^3, /^a is replaced by 0^2, /32- 
Finally, we get 

ft 



t rt 2(r-l) 

L2{T)dr <C 11^3117'"' \\d3us 
Jo 

r-2 ||V7„,I|2 



'■'"'Vnll^dr + ^ / IIAnll^dr 



Q2 







<C \\d3U3\\a2'\\Vu\\idT+ - \\Au\\idT. 







(2.83) 



where 0^2 > 2 and 



1 _ 3 + ^24^2 _ 24^2 + 9 
7 



^27 



12a2 



2^2 - 7 

(7 + l)a2 - 7 



(2.84) 



Q!2 



Inserting fl2.83p into (12.821) and absorbing the last term in (I2.83p . note the boundedness 
of IIM3II7, we have 



IVmII, + u I \\Au\\ldT 



2ai 



< ||Vn(0)||2 + C / \\d3U2\\a?'' \\Vu\\ldT 





2^2 



-c I iian^ii''^^-' 



(2.85) 



'3"3||a2" l|Vn||2cir + C / USsUgHaa^ ||VM||2(ir. 



2^ 



We also can check that ^ = (32 (see (I2.66P ). where /32 = -0^- Denote that 



Also from f l236|) 



We see that 

1 1 



1 _ 2^2 - 3 

^ ~ 2^2 

-3 + v/24«2 - 24^2 + 9 



2a2 



2a2 - 3 r - 2 



2^2 2 
(4 - r)a2 - 3 
2ao 



6a2 +3- A/24a2 _24a2 +9 ^ 



2a, 



(2.86) 



6^2 - 3 - v/24^i^^24^^rT9 



4a2 

12a2(a2 - 1~! 



4^2 ( (6^2 - 3) + v^24ai - 24^2 + 9 



> 0, V a2 > 2. 
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From above inequality, we know /?' < and hance /3'//32 < 1. Therefore, applying 
Holder's inequality, and by energy inequality, one has 



\\d3U,\\ 



a2 



\Vu\\ldT 



2^ 2(132-13') 

\\d3U3C\\VuU' dr\\Vu\\^ dr 



< C 



/32 |IV7„.I|2, ^ 



WdsUsf'WVuWldr 



<C \\d3U,\\il\\Vu\\ldT 



3^ 



<C I \\d3U3\\i'\\Vu\\'idT + C. 



\'Vu\\2dT 



P2 



(2.87) 



Finally, we get 



\Vu\\l 



-V 



I A-u||2(iT 



< ||Vm(0)||2 + C / ||a3M2||a?"'||VM||^rfr 



-C I \\d3U3\\af\\Vu\\ldT + C. 



(2.88) 



By using Gronwall's inequality to f l2.88p . and by condition fll.l8p . fll.lQp and fll.20p . we 
get that the norm of the strong solution u is bounded on the maximal interval of 
existence (0,T*). The proof of the case of d3U2,dsUs is completed. 

Proof of Theorem 11.101 Without loss of generality, we assume j = 3, /c = 3. For every 



9 

a e (-,oo) 
5 



(2.89) 



we set 



1_12+ /lM_ 264 + 289 
i a y a 

Jl ^ 24 ' 

92 



2a/i 



a + fi 

2jj,a — /i + a 
a + jj, 

From (12. 90 p . we see that /i is a decreasing function of a, and by (I2.89p . we have 



(2.90) 



- < u < 3, 
3 ^ 



and (12:901) follows 



1 02-2 



1. 



92 



(2.91) 
(2.92) 
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On the other hand, also from f l2.90p . we note that n satisfies 

a = Jpll!^, (2.93) 

and 

12u + n u?{Q — a) „ . , 4 

— — = - — Vt r > with - < u < 3. 

6/i2 + ^-12 (6/i2 + 12)(^- 1) 3 ^ 

Combining fl2.93p and above inequahty, we have a > and hance f l2.9Up imphes q2 > 2. 

We choose 

/3 = TT^, (2.94) 

3 — yU 

then from fICTD . fl2:92l) and (ESI), we can compute that 



2 ^ 3 a + V289a2 _ 264a + 144 3 3 2 ,, 

- + ! = - = ^ h = ofa). (2.95) 

We denote ^ ^ 

Vi{t)= I \\d-M\U\'^AhdT = f \\d-M\P\\^u\\hdT. (2.96) 

Next, we give a estimates on ^3. We use \u^\'^^~'^U'i as test function in the equation (jl.ip 
for U3. Similar to f l2.57p . we have 

ll^sIlL, < Ik3(0)||i,, + C fwd^u^ft'dr. (2.97) 

By the condition (Oip . f ETgU]) and (EH]), we have ga < 6. Note that ||M3(0)||g, < C for 
some C > 0, we get 

M3 e L°^(0,T;L''2(M^)). (2.98) 

By (I2.90p . we have r = i32±l}£L:32. and r > 2, for such g2,^, we can apply Lemma 2.3 
in [9], and we have 

||AM||i.rfr 



t 2(r-l) 



2 



< ||Vm(0)||2, + C / 11^3^,7' \\d^u4l-'\\Wu\\l,dT (2.99) 

ft 8(r-l) 



t - 

+c [ \\u4^\\dsus\\!!r^\\vu\\UT + c. 

Jo 



Moreover, r satisfies 

8 8(/i + a) 



> 0. 



3(r — 2) 3(2/ia — 3/i — a) 
From fl2.93p . we have (note that 2yua — 3;U — a > 0) 

8(/i + a) 2fi 2[12fi + 5fi^ + {-G/j.^ - i^ + 12)a] 



3(2/ia — 3/i — a) 3 — /i 3(2/ia — 3/i — a)(3 — /x) 

Combining (12.981) and (I2.99p . and the fact < 3^^^^^ , we have 

IIVmII^^ + i. [ WAuWl^dr <CVi{t) + \\Vu{0)\\l2+C, 
Jo 

and end the proof for a G (|, 00) by using Gronwall's inequality. 



0. 
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